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From Eqs. (12) and (13), we have

= Kxx[pd pah] *l
[Pel Pah]

o_2 IP el Pah]'Kx

= KxxPel&ei Pel^xx + x Pah iVrti
= KxxPel^i Pel^xx + ^xxPahPah^axxPahPah^xx (14)

From Eq. (13), we still have pahPah = K~x
l - peip*ei, and by substi-

tuting this relation into Eq. (14) we obtain Eq. (9) again. Therefore,
it is concluded that Eq. (9) tends to replace the unavailable peh by
pah and &eh by Qah. Generally, approximately 50% of the analyt-
ical modes can be considered acceptable, but it is not unusual that
only 5% of the modes are measured. Thus, Eq. (9) provides a rea-
sonable source for compensation for the lack of higher measured
modes.

Numerical Examples
A uniform straight beam discretized by 12 elements is used as

an example. Only transverse in-plane displacements are consid-
ered. The consistent and roughly lumped mass matrices are taken
to be Mxx and Maxx, and the errors of the first eight nonrigid fre-
quencies and mode shapes of the unconstrained structure evalu-
ated with the analytical mass matrix Maxx are listed in Tables 1
and 2, respectively; m test modes of the constrained structure by
fixing one end of the beam (cantilever beam) are then used to
produce Mxx with Eq. (9). The errors of the extracted free-free
modes by the proposed and Chen et al.'s methods are also shown
in Tables 1 and 2 for comparison. It is clearly seen that the pro-
posed method yields an improved result: it can be used with a
smaller number of measured modes and gives more accurate modal
data of the unconstrained structure for both frequencies and mode
shapes.

Conclusions
Chen et al.2 extended Przemieniecki's analytical method1 for

determining free-free modes from ground constrained test data to
deal with the modal truncation problem. In this Note, a structural
dynamic model modification method3"6 is introduced for com-
pensation of the modal truncation effect; the method essentially
uses analytical modes in place of the unavailable measured higher
ones. The improvement is expected to yield a better approxima-
tion of the dynamic model from which one can extract more ac-
curate free- free modes and natural frequencies using the incom-
plete measured ones of the constrained structure. A simple ex-
ample is presented to illustrate the performance of the proposed
method.
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Introduction

T HE global stiffness matrix of a structural analysis problem
is a sparse matrix with many zero elements. The number of

zeros in this matrix increases with the size of the structure. The
zero terms inside the stiffness matrix slow down the processing
speed of the computations due to unnecessary operations performed
on them. To overcome these problems, banded and skyline (en-
velope or variable band) methods of data structures were devel-
oped and are in use for storage of stiffness coefficients and their
subsequent operations.1 However, as the size of the structure in-
creases, the bandwidth will also increase, and the number of ze-
ros within the band becomes large for large structures with hun-
dreds or thousands of members. In this case, the solution by the
banded or the skyline method may not be the most efficient one. In
this work, we investigate the effect of a general sparse matrix ap-
proach on the optimization of large structures using the optimality
criteria approach and the Cholesky lower-upper (LU) decomposi-
tion method for the solution of the resulting linear simultaneous
equations.

General Sparse Matrix Solution
In a general sparse matrix solution approach, the sparse matrix is

stored in compact form with the help of some additional information
about the locations of the nonzero elements in the sparse matrix.2
By means of indirect addressing and gather operation (described
later), only the nonzero elements are stored in compact form, and
the arithmetic operations on zero terms are avoided. The results are
then restored back to their respective positions in the original matrix
by the scatter operation.

The gather operation means collecting nonzero terms of a sparse
matrix and storing them in a one-dimensional array (vector) with the
help of pointers to their locations in the sparse matrix. For example,
in the term x[k(i)]9 k(i) is a pointer to the original index i of x in
the sparse matrix. The term x is addressed as x\k(i)} indirectly. This
is called indirect addressing. Similarly, the scatter operation means
spreading back the terms from their compact vector form to their
original sparse matrix locations.

Before storing the nonzero elements in compact form, it is nec-
essary to. evaluate the fill-ins to be stored along with the nonzero
terms. The fill-ins are zero terms in the original sparse matrix, but
their positions will be occupied by nonzero terms after the Cholesky
decomposition. To record the fill-ins and the nonzero terms, we use
a logical binary variable. It is assigned a value of TRUE for nonzero
and fill-in terms in the sparse stiffness matrix and FALSE for zero
terms.

For every column i, the pointer to the first nonzero element is
defined as first Jndex(z) (Fig. 1). The pointer to the diagonal element
of column i is defined as diagonalJndex(z) (Fig. 1). Using the two
pointers and the row index (Fig. 1), we convert the noncompact
sparse Cholesky factorization algorithm into an indirect addressing,
compact factorization algorithm. Before doing that, the two pointers,
the row index, and the value of each nonzero or fill-in term need to
be recorded. The data structure used for storing the pointers and the
nonzero values is illustrated in Fig. 1.
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Fig. 2 Pictorial explanation of factorization by sparse matrix algo-
rithm.

The sparsity of the global stiffness matrix depends on the con-
figuration of the structure. It is also dependent on the numbering of
the nodes and the degrees of freedom per node. The sparsity pattern
does not change during the optimization procedure. Therefore, in
the process of optimization, it is sufficient to record the pointers and
the row indices at the first iteration only. In succeeding iterations,
only the values of the stiffness matrix elements need to be recorded.

Fig. 3 1968-member space truss.
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Fig. 4 Iteration history for 1968-member space truss.

In the factorization phase, the LU decomposition of stiffness ma-
trix K is done using only nonzeros and fill-ins. This is done by
indirect referencing of the sparse matrix elements with the help of
the pointers and row indices. The first step of the factorization pro-
cedure is to scatter back the sparse stiffness matrix elements from
the contiguous one-dimensional array to their original locations in
the sparse matrix through the scatter operation. Next, both the nor-
malization and update operations of the Cholesky factorization pro-
cedure are done on the nonzero elements or the fill-ins, in the lower
triangular part of the K matrix, using a compact vector C. After
factorization, the nonzero elements of lower triangular matrix L are
stored columnwise in contiguous vector form and overlaid on the
corresponding elements of the vector C. Thus, no additional stor-
age is needed for L. A pictorial explanation of this factorization
procedure is presented in Fig. 2. In the solution phase, the forward
and the backward solutions are carried out to find the unknown dis-
placements. In this phase, indirect references to the elements are
also made.

Example
The general sparse matrix optimization algorithm has been ap-

plied to minimum weight design of several large space structures.
For the sake of brevity and due to length limitation we present
only one example in this paper. This example is a large space truss
structure with 1968 members and 432 joints (Fig. 3). The number
of linear equations and the size of semibandwidth for this example
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are 1296 and 282, respectively. The structure is made of steel with
modulus of elasticity of 2 x 105 MPa (29,000.0 ksi) and unit weight
of 769 kN/m3 (490 lb/ft3). Displacement is limited to ±5.0 mm
(±0.2 in.) at all nodes in jc, v, and z directions. Allowable stress
in both tension and compression is 138 MPa (20 ksi). The lower
bound for the cross-sectional area is 322.5 mm2 (0.5 in.2). Two sets
of loadings are applied on this structure: 1) vertical loads of 111.2
kN (25 [kilopounds]) at all lower joints of the eight truss girders
and 2) vertical loads of 111.2 kN (25 kips) as in the first loading
plus horizontal loads of 44.48 kN (10.0 kips) at all of the joints on
one face of the structure. Minimum weights of 176.1 kN (39.6 kips)
and 261.5 kN (58.8 kips) are obtained for the loading cases 1 and 2,
respectively. Iteration histories for the two loading cases are shown
in Fig. 4.

Using the general sparse matrix algorithm, optimization of this
structure after 20 iterations took 11.8 s of CPU time on a single
processor of a Cray Y-MP 8/864 supercomputer. This compares

with 25.5 s when the banded matrix approach was used for the
solution of the simultaneous equations.

Thus, use of the general sparse matrix algorithm for optimization
of large structures results in substantial savings in the CPU time. As
mentioned earlier, the general sparse matrix optimization algorithm
was applied to several other large structures. In all cases, the general
sparse matrix optimization algorithm required less CPU time than
using the banded matrix approach. Further, the efficiency of the
sparse matrix optimization algorithm increases with the increase in
the size of the structure and number of structural analyses required
in the optimization procedure.
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